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Abstract 

We consider extremal and non-extremal three-point functions of two giant gravitons and 
one point-like graviton using Schur polynomials in A/" = 4 super Yang-Mills theory and 
holographically, using a semiclassical Born-Infeld analysis as well as bubbling geometries. 
For non-extremal three-point functions our computations using all three approaches are in 
perfect agreement. For extremal correlators we find that our results from the bubbling 
geometry analysis agree with existing results from the gauge theory. The semiclassical Born- 
Infeld computation for the extremal case is known to give a different answer, which we 
interpret as a manifestation of the known subtlety of holography for extremal correlators. 
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1 Introduction 

The AdS/CFT correspondence pLj and the discovery of integrability |2j suggest that it may 
be possible to solve the planar limit of four- dimensional N' = 4 super Yang-Mills (SYM) 
theory. A complete solution to a conformal field theory is provided by the spectrum of 
anomalous dimensions along with the three-point functions of primary operators. All higher 
order correlation functions can then, in principle, be obtained using the operator product 
expansion. The three-point functions are determined by the anomalous dimensions and the 
structure constants of the operator product expansion, both of which depend on the coupling 
constant of the theory. 

Using the AdS/CFT correspondence, correlation functions of single-trace local gauge in- 
variant operators can be computed at strong coupling. This is achieved by inserting closed 
string vertex operators in the path integral for the string partition function. These vertex 
operators scale exponentially with the energy and the quantum conserved charges of the cor- 
responding string states. When the conserved charges are of the order of the string tension, 
a saddle point approximation can be used to compute the string path integral. This gives 
results in the semiclassical limit of large tension [Bj. Correlation functions involving heavy 
states (states with large conserved charges) are then dominated by semiclassical string tra- 
jectories. Calculations of two-point functions in the semiclassical approach were performed 
in The works discussed the computation of three-point functions involving two 

heavy states and one light state. In this approach, one ignores the backreaction of the light 
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state on the heavy one, allowing the use of the same semiclassical trajectory. The coupling 
to the light state is obtained through a fluctuation calculation. The application of these 
semiclassical techniques to heavy-heavy-light correlators in A/" = 4 SYM has by now been 
extensively explored [7]. 

One work of particular interest to us is [H]. This article adopted the approach of [5] to 
study the correlation functions of giant gravitons These are solutions of the D3-brane 
action, considered as a probe on the AdSs x geometry, which wrap an within either the 
AdS or and are stabilised by angular momentum along one of the directions. These 
bulk states have been shown to have a dual gauge theory description in terms of Schur 
polynomials [TO] . 

Given that giant gravitons are heavy, semiclassical objects, it appears very natural to 
apply the methods of [5] to the calculation of their correlation functions. In particular, the 
correlation function considered in [8] is that of two giant gravitons and one light graviton 
(dual to a chiral primary state of dimension A = J <^ \/N). This correlator is protected 
from quantum corrections. Surprisingly, [S] find a discrepancy between gauge theory com- 
putations and the bulk calculations performed using the probe brane action. Given that in 
the appropriate limit the probe brane result reduces very naturally to the three point-like 
graviton correlation function, while the gauge theory result does not reduce to that of three 
chiral primaries, P] argued that the disagreement might hinge on the inability of the Schur 
polynomials to interpolate between giant and point-like gravitons. 

In order to obtain a better understanding of this mismatch, in this article we extend the 
work of [5] in two ways. We go beyond the probe analysis by calculating 3-point correlation 
functions using the fully backreacted bubbling (LLM) geometry corresponding to the Schur 
polynomials in question. Furthermore, we compute non- extremal 3-point functions using 
the semiclassical Born-Infeld analysis as well as the bubbling geometry. In the non-extremal 
case, all three approaches are in perfect agreement, indicating that the Schur polynomials 
do provide a valid description of the giant gravitons and that the discrepancy in [8] is due 
to known subtleties when performing bulk calculations for extremal correlators. 

The computation of [S] was carried out entirely in the half-BPS sector. In the field the- 
ory, operators dual to giant gravitons of momentum k wrapping the S^ cS^ are given by 
Schur polynomials in representatioiil] 1^ while operators dual to giant gravitons wrapping the 
S^ cAdSs are given by Schur polynomials in representation k. The light graviton is dual to 
Tr(Z'^). Notice that these are "extremal" 3 point functions, that is correlators in which the 
conformal dimension of one of the operators is precisely equal to the sum of the dimensions 
of the other two operators. It is well known that the computation of these correlators, using 
holography, is subtle [H]. Supergravity fields will couple to linear combinations of single 
and multiple trace BPS operators with the correct quantum numbers. It is simple to verify, 

^Recall that Schur polynomials are labeled by Young diagrams. Our notation is to list the row lengths. 
With this notation a Young diagram with a single row containing k boxes is denoted k while a Young diagram 
with a single column containing k boxes is denoted l'^'. 
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using the free field approximation, that although operator mixing occurs, it is generically 
suppressed by powers of Extremal correlators are the exception. The contribution to 

extremal 3 point functions of multitrace operators is enhanced and of the same order in 
as single traces. The origin of this enhancement can be traced back to the fact that the cor- 
relator effectively factorizes into a product of two point function^. In the dual gravitational 
description for these extremal correlators, the bulk supergravity coupling constants vanish 
but there is a boundary interaction that gives a nonvanishing result. This non- vanishing 
result agrees with field theory computations. Clearly, the gravitational computations of 
extremal correlators are rather subtle. 

Further extensive comparison of extremal versus non-extremal correlators and their holog- 
raphy has been carried out in [13], in the half BPS sector of the theory, corresponding to the 
LLM geometries [H]. These geometries are dual to Schur polynomials and superpositions 
of Schur polynomials. They thus provide a natural setting within which we can reconsider 
the computation of [S]. Consider the vacuum expectation value (vev) of an operator with 
dimension A and 7?.-charge J. The case J < A corresponds to non-extremal correlators. 
These correlators are not sensitive probes of the dual geometry and at large N the results 
depend only weakly on specifics of the distribution of Schur polynomials (see App. |X] for 
a discussion of this fact using asymptotic representation theory). In sharp contrast to this, 
the vevs of maximally charged scalars depend on the detailed Schur polynomial distribution. 
This is precisely because the corresponding correlators are extremal [13]. Thus, even at the 
leading order in N these vevs are sensitive to the precise details of the Schur polynomial 
distribution. These details are not captured by the (regular) supergravity solution [13], so 
its not surprising that a semiclassical computation is not able to reproduce these correlators. 

The gravitational computation in [8] was carried out by varying the Euclidean D-brane 
actions with respect to the supergravity fiuctuations corresponding to the light graviton. 
These fiuctuations were then evaluated on appropriately Wick-rotated giant graviton solu- 
tions. In this article we will compute these vevs corresponding to extremal correlators using 
the holography formalism of [13]. The supergravity solutions we need are the LLM solu- 
tions [H] which correspond to the exact geometry (including backreaction) dual to a giant 
graviton. Our gravitational computation gives an exact agreement with the field theory 
computation carried out using Schur polynomials. 

To further test the idea that the mismatch between the semiclassical probe computation 
and the field theory was due to subtleties related to extremal correlators, we consider the 
computation of non-extremal correlators. In this case, the field theory, LLM and probe 
computations are in complete agreement. 

The plan of the paper is as follows: In the next section we will first review the field 

^We focus on three-point functions in this article. If one considers n point functions with n > 3, the same 
factorization can occur for next-to-extremal correlators and more generally, for near extremal correlators. 
The computation of this whole class of correlators using holography is subtle [H] and we expect that the 
comments we make in this article are valid for this whole class of correlators. 
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theory results of [S] and then compute the same quantities using holography of the LLM 
geometries, finding complete agreement with the field theory results. We will also comment 
on the failure of the semiclassical probe approach to reproduce these results. In section 3 
we will compute non-extremal correlators in three different ways: using field theory, LLM 
holography and a semiclassical probe. For all these cases we will find complete agreement. 
The appendix contains a discussion of the insensitivity of non-extremal correlators on the 
precise Young diagrams labelling the Schur polynomials. 



2 Extremal Correlators 

In this section we focus on extremal correlators of giant gravitons with chiral primary oper- 
ators, which we compute first using gauge theory techniques and then using LLM methods. 
Unlike the probe brane calculation of [8], the LLM computation will be shown to yield 
complete agreement with the gauge theory. 

2.1 Gauge theory computation 

Since the field theory computation has been carried out in [S] , we will here simply summarize 
our notation and recall the result. For references on the computations of correlation functions 
of Schur polynomials, we strongly recommend [101 fT5] . 

Recall that a giant graviton wrapping an S^ C AdSs is dual to a Schur polynomial labeled 
by a Young diagram with a single row containing order boxes, that is X{k){Z), k = 0{N). 
A giant graviton wrapping an S^ C S^ is dual to a Schur polynomial labeled by a Young 
diagram with a single column containing order N boxes, that is X(ifc)(Z), k = 0{N). 

We will compute all correlators in = 4 SYM theory on RxS'^. All matrices below are 
the s-wave of the KK expansion of the matrix field. Further, all correlators we compute are 
equal-time correlators. A useful reference with further background on the relation between 
the field theory on and on RxS^ is [T6]. 

The three-point function corresponding to two giant gravitons wrapping an S^ C AdSs 
and a light graviton of angular momentum J is 



v/(X(.)(^)^Xw(^))(Tr(^^)tTr(Z-^))(X(.-.)(^)tx(.-.)(^)) ' ^' ' 



We take J to be of order 1. When computing this three-point function using holography, it 
will be useful to write it as a one-point function of Tt{Z'^) in a particular state. The state 
we use is a superposition of two giants 

\G)=( , ^^^-^^^^ + , ^^^-^^^^^ ] 10). 
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Then, the correlator fl2.ip is computed by the one point function 

Tr(Z^) 
V(Tr(Z^)tTr(Z-^)) 

In the hmit we are considering (A^ oo with k/N fixed and J small), the value of this 
correlator is [8]: 

We are also interested in the three-point function corresponding to two giant gravitons 
wrapping an C and a light graviton of angular momentum J, which is 

_ (x(i.)(^)tTr(Z-^)X(i.-.)(^)) 



y/(X(i.)(^)tx(i^)(^))(Tr(Z^)tTr(Z^))(X(i.-.)(^)tx(i.-.)(^)) 



There is no t dependence in these correlators because we have chosen to compute equal time 
correlators. In this case we can employ a zero dimensional complex matrix model for the 
computation. 



2.2 LLM Computation 

According to the AdS/CFT correspondence, correlation functions can be computed in the 
strong coupling limit of N' = 4 SYM theory using the dual type IIB supergravity. In |13j , 
a powerful general approach to holography in the LLM backgrounds has been developed, 
which allows the computation of correlation functions involving the gauge theory operators 
that create the LLM geometries. This is thus the correct framework to holographically 
compute (12. 2p and fl2.3p . Note that, apart from correlators involving only local operators 
(as in our case), this approach has been successfully used to compute correlators involving 
surface operators [I7j and Wilson loops in large representations [T8] . 

To perform our computation, we need to construct the geometry dual to a superposition 
of two giant gravitons. Since this is a half-BPS state in A/" = 4 SYM theory, it has a 
description in terms of one-dimensional free fermions in an external potential. We will 
describe the two-dimensional phase space density corresponding to this free fermion state. 
This is then to be identified with the defining density function of the bubbling supergravity 
solution (see [TH|13] for further details). Having constructed the LLM geometry, our desired 
correlation functions are then given by one-point functions of chiral primary operators in 
this background. What follows is a very quick review of the relevant material in |13j . 

•^We have dropped an irrelevant phase in writing this result. 
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The second-quantized fermion field is 

oo 

m{z,z\t) = Y,Cie-'^'^'^%,{z,z*), (2.4) 

l=Q 

with the fermionic oscillators obeying the standard anticommutators {Q, C*^} = 5im- The 
mode functions of the field are the orthonormal wave functions of the lowest Landau level 



$K^,^*) = V^^'e— *. (2.5) 
Since we have N fermions the second quantized free fermion field obeys 

/oo 
dzdz*^'\z,z\t)^!{z,z\t) = = ^ ■ (2-6) 

1=0 

The Schur polynomials correspond to energy eigenstates of the N fermion system. The 
energies of the free fermions corresponding to Schur polynomial Xr{Z) are 

Ei=ri + N-i + l i = l,...,N, 



where is the number of boxes in the ith row of the Young diagram R. Using this inter- 
pretation it is straightforward to see that the Schur polynomial Xr{Z) corresponds to the 
state 

\xr) ^ C']v-i+n^^-2+.. ■ ■■Clr.-Aj^) ■ (2-7) 
Given this state, define 

Ulm = {XRlCjCmlXR) 

from which we obtain the density function that determines the LLM geometry as 



1,171 

As a consequence of the fact that the second quantized fermion field is normalized to A^, 
these densities are all normalized so that 

27r foo 

rdrp = — . (2.9) 
The computation of holographic one point functions now amounts to computing the integral [T3 



Our normalization conventions are chosen to match the normalizations used in the field 
theory computation of the previous section. These differ slightly from the conventions of 
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. In particular, we normalize the two point function of the light graviton to 1 while 



w\ . (2.11) 



normalizes this to N'^{J-l){J-2y/n^. Thus, we rescale (3.60) of [13j by n"^ /N {J -2)^/7^. 
Also, our fields have been rescaled so that eigenvalues of Z (to be identified with the free 
fermion coordinate z) run from —1 to 1. The supergravity coordinate w is related to the 
free fermion coordinate z of [13j by 

IN. 

Finally, as a consequence of the fact that we compute equal time correlators, we have removed 
the phase e"*''* which appears in (3.60) of [T3] . 

2.2.1 AdS giant graviton 

In this case the Schur polynomials that participate are in the representations (k) and (k — J), 
and 

\G) = \Xik)) + \Xik-j)) ■ (2.12) 

In the fermionic picture, to obtain an AdS giant of angular momentum k we excite the 
fermion in the topmost energy level of the Fermi sea by k units of energy. Writing the state 
\G) in terms of fermionic oscillators we have 

\G) = (Ci^,^, + Ci^,_j_,)Ci_, ■ ■ ■ Cl\0) . (2.13) 

It is now simple to compute 

UiL = {G\CjCm\G) 

= 1 / = m = 0, 1, 2, ■ •■ ,iV - 2, 

= 1 l,m = N + k-l, N + k- J -1, 

= otherwise (2.14) 

We can use this to compute p and then the one point function using fl2.10p . As a consequence 
of the integral over in (12.101) . we see that only the term with coefficient e"*'^''^ in p contributes 
to the one-point function. Thus, the only term in the density we need is {z = re**^) 

p=-(9.r*rf+^-^-ip-'J<t' ^ ^ ^2.15) 

tt' ^(A^ + A;-1)!(A^ + A;- J-1)! 

We now hav^ 

WjW ^ ^{N + k-l)\{N + k- J -ly. Jo 

1 + ^ • (2-16) 



Vj\ n 

This is in perfect agreement with the result (12. 2 p obtained using Schur polynomials 



* after inserting the rescaled variable \w\. 
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2.2.2 Sphere giant graviton 



In this case, the Schur polynomials that participate are in the representation (l'^) and (l'^ ■^), 
and 

\G) = IX(i^)) + • (2.17) 

In the fermionic picture, to obtain a sphere giant of angular momentum k we create holes in 
the Fermi sea, by exciting the fermions in the k top most energy levels of the Fermi sea by 
one unit of energy each. Writing the state \G) in terms of fermionic oscillators we have 

N 

|G') = (C']v-.+.-i+C'Wi) n (2.18) 

i=0,^N-k-l,y^N-k+J-l 

It is now simple to repeat the steps of the last section to obtain the only term in the density 
that gives a non-vanishing contribution 

p = -(2z*zf-''''+ie-'^'f' , ^ e~^^"* (2.19) 

tt' ^(^n - k - 1)\{N - k + J - 1)\ 

such that the final answer for the correlator is 

This is again in perfect agreement with the result (12. 3 p obtained using Schur polynomials. 



2.3 Semiclassical failure of the Born-Infeld Action 

We are now faced with a stark paradox: the field theory computation using Schur polynomials 
performed in [S] and the dual LLM computation are in perfect agreement. They both 
disagree with the computation using the Born-Infeld action presented in [8]. One is tempted 
to interpret this as a failure of the methods of when studying the correlation functions of 
giant gravitons. This can't be correct though: there are computations where the semiclassical 
methods employing the Born-Infeld action correctly reproduce the field theory correlators 
[T^ and even cases where the field theory, semiclassical Born-Infeld and holography using 
bubbling geometries all agree [17] . This seems to suggest that the discrepancy is not because 
the semiclassical method is breaking down, but rather, because the correlators studied are 
very subtle. Indeed, our goal in this section is to argue that the failure of the semi-classical 
Born-Infeld computation is a consequence of the fact that the correlators considered are 
extremal. Note that the correlators computed in [T9l [T7] are not extremal. 

Our intuition is driven by the holography for LLM geometries, worked out in detail in 
[I3] . Recall that to obtain a non-singular LLM geometry the density function determining the 
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solution must only take the values {0, 1}. The density function describing the supergravity 
solution can be obtained, as we have described above, by translating the combination of Schur 
polynomials into a fermion state, and then computing the density using (12. 8p . This density 
function does not take only the values {0, 1}, so that the corresponding supergravity solution 
is singular [T3]. It is however possible to write the densities dual to a linear combination of 
Schurs as a sum of theta functions plus some corrections. We would expect that, in the 
semiclassical limit, these corrections can be discarded. By discarding these corrections 
we are able to map Schur polynomials to regular supergravity geometries. However, as a 
consequence of the fact that we have dropped these corrections, we no longer have a 
unique Schur polynomial for each (regular) supergravity geometry. Thus, in the semiclassical 
limit in which we have a smooth geometry, we can not resolve the specific Schur polynomial 
in the dual gauge theory. 

As we discussed in the introduction, [13] has argued that vevs of neutral operators in 
a state corresponding to a Schur polynomial of dimension n do not depend on the fine 
details of the choice of Schur polynomial (see also App. |X] for a discussion in the general 
non-maximally charged case). These vevs correspond to non-extremal three-point functions. 
We have no reason to expect that a semiclassical computation of these correlators will not 
succeed. In contrast to this, the vevs of maximally charged operators necessarily involve 
extremal correlators. The scalings of these vevs depend sensitively on the specific Schur 
polynomial corresponding to the supergravity density [13] . For these extremal correlators it 
is not surprising that a semiclassical analysis fails as it did in [8j. 

Our argument makes a concrete prediction that can be tested: the computation of non- 
extremal correlators using the gauge theory, a semiclassical Born-Infeld analysis or a holo- 
graphic analysis using bubbling geometries should all agree. In the next section we show 
that this is indeed the case. 

3 Non-extremal Correlators 

The goal of this section is to consider the computation of a class of non-extremal correlators 
using three different approaches: using field theory, again using LLM holography and, finally, 
using a semiclassical probe approach. The three computations are in complete agreement 
which lends support to the idea that the mismatch found in |8j is a consequence of the fact 
that the correlator studied is extremal. 

The correlators we study are three-point functions of two heavy chiral primary operators 
which are maximally charged with a third light operator (introduced in [13j) which is also 
a scalar chiral primary operator, but is not maximally charged. As a consequence of the 
fact that we include an operator which is not maximally charged, these correlators are non- 
extremal. When performing the LLM and probe computations, it is again useful to arrange 
the computation as a one-point function in the background created by the heavy maximally 
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charged operators. In general, this third hght operator is built using all six of the adjoint 
scalars appearing in the theory. Thus, although we can compute one-point functions of this 
operator in the background of the heavy maximally charged operator using the free fermion 
approach (which is all we do in this article) , we would not be able to compute two or higher 
point functions of these operators [T3]. 

Thanks to known non-renormalization theorems protecting three-point functions of single 
trace chiral primary operators of TV = 4 SYM (see [20] and especially [21] for a recent very 
readable proof) it is expected that three-point functions of protected multi-trace operators 
are not renormalized either [22] . For this reason we expect matching between the field theory 
(i.e. weak coupling) and gravitational (i.e. strong coupling) computations we perform. Our 
results confirm this expectation. 

3.1 Gauge theory computation 

The operators that we consider are normalized as in [T3]. This normalization is fixed by 
requiring that our operator has vanishing one point function in the conformal vacuum, in 
the limit of large 5*^ radius the vacuum expectation value of the operator must reduce to the 
Coulomb branch answer [23] and its three-point functions with charged operators correctly 
reproduce the A/" = 4 SYM result. The field theory computation is performed on R x S^, 
with all operators in the correlator at equal time. The fields are all the s-wave component of 
the KK- reduction of Z, Z'^ on the . In this case, we can carry out the computation using 
a zero- dimensional complex matrix model. The methods we use to compute the relevant 
correlators have been developed in [23]. 

3.1.1 Neutral operator 

The first correlator we would like to study is 



where : ( ) : denotes normal ordering as usual. We perform this normal ordering by sub- 
tracting out self contractions. All operators must be normal ordered since we know that the 
general structure of the chiral primary operator is Cj^...jpTr(0*i ■ ■ ■0''') with Ci^...i^ a sym- 
metric traceless tensor and 0* the six hermitian adjoint scalars of the theory. The fact that 
Ci-^...ip is traceless implies that all self-contractions vanish. 

The correlator of interest is computed, up to normalization, by 



(0^'°) = {xr{Z)xr{Z) 



V2 



: Tr{ZZ^) :) 



(3.1) 



f [dZdZ^ XBiZ)XR{ZyMZZ^)e-^^('^'^ 
J[dZdZ^XRiZ)xRiZye-^^(^^') 



(3.2) 
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Consider the Schwinger- Dyson equation: 

= [ [dZdZ^] ^ [z,,XR{Z)xR{Zye-^<^''^) . (3.3) 

We choos^ R \- k but otherwise leave R unspecified. We will see that the result depends 
only on k, so that this computation captures the answer for both the sphere and AdS giants. 
Using the fact that Zij-^ acting on an operator built from Zs just counts how many Zs 
there are in the operator, we find 

{XR{Z)xR{Z)^Tr{ZZ^)) = + 

= (k + N'){xRiZ)xR{Zy) (3.4) 



so that 

{XR{Z)xR{ZyTT{ZZ^)) 



N^ + k . (3.5) 



{XR{Z)xR{Zy) 

To get the normal ordered answer, subtract the single contraction to find 

: Tt{ZZ^) := Tt{ZZ^) - A^^ (3.6) 

so that our final result is 

{xfl(Z)Xfl(Z)t-^ : ■IV(ZZt) :) 



<«^-">'" - - (.«(z;;sz).> - ^-3N • 

3.1.2 Charged operators 

The second type of correlators we study in the field theory are 

{^f^^j^ -.TriZ^Z^'^) : XR{Z)xRAZy) 



V{xRAz)xR^{z)^)V{xRiz)xR{zy) 



where R\- k and i?"^ \- k + n — 1 and we will study the cases p = 3, 4. The values of (O*'"^ p) 
are also easily obtained by complex conjugation. Consider the Schwinger-Dyson equation: 

0= / [dZdZ^]^ [{Z%,XR{Z)XR^{Zye'^^^'''^) . 
It implies that (subtracting out self contractions) 

{XR{Z)xRAZy : Tr(Z"Zt) :) = {{iZ%^XR{Z)^ XrAZ)^) ■ 



^i.e. i? is a Young diagram with k boxes 
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Thus, we need to evaluate 

^ (k - l)\ ^ ^ Xii(f^)XT((^(A:,A; + l,--- ,A; + n-l))xT(^) 
= :r E Tr(PT^«(fc,fc + l,---,fc + n-l))xT(^), (3.8) 

Th fc+n-1 

where Pt^r is a projection operator which projects us to R after restricting to the Sk 
subgroup and is zero if T does not subduce R after restricting to the 5"*; subgroup. The trace 
is over the carrier space of T. To obtain the final line above we have used the fundamental 
orthogonality relation to sum over a. Thus, we have 

{XR{Z)XR+{Zy : Tr(Z-Zt) :) = ATr(P^+_^(A;, k + 1, ■ ■ ■ ,k + n - 1) ){xR+{Z)xR+{Zy) . 

dR 

For the symmetric representation R = (k) and i?+ = {k + n — 1). These irreducible 
representations are one-dimensional, so the projector is trivial. Further, all group elements 
are represented by 1. Thus we find 



n-l 



{■.Tv(Z^Z"):x,i.:)(Z)xik+n-i){Zy) = A: fl + A 

V (X(fc+n-l) {Z)X{k+n-l) (Zy) V (X(fe) {Z)X{k){Z)^) V N 

For the antisymmetric representation we have R = (1^) and = (l'^"'""^"^). Again, these 
irreducible representations are one dimensional so again, the projector is trivial. In this 
representation group elements are r(cr) = (— l)'^^'^) with e{a) the parity of the permutation. 
Thus we find 



(: Tr(ZtZ«) : X(i.)(^)X(i^+"-)(^)n ^ ^ L k 



\J (X(ifc+»-i)(^)X(i*+"-i)(^)^)^(X(ifc)(^)X(i*)(^)^ 



N 



n-l 
2 



The phase (— 1)"2 depends on our conventions and can easily be removed. For this reason 
we will drop this phase below. 

Reinstating the appropriate normalizations, we find 



-ViFV^4- (3.9) 

and 

The results for {0^~^) and follow from these by complex conjugation. 
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3.2 LLM Computation 



The vev of the neutral scalar dual to 0^'° is given by 

: Tr(ZZt) ■■\G) = ^J p{r' - \)rdrd<P . (3.11) 

By explicit computation, we have verified that the vevs are the same for LLM states \G) = 
\Xik)) or \G) = Ix(fc-j)) as well as for \G) = or \G) = because in the limit 

we study we cannot distinguish between k and k — J. In the above equation p is given by 
the distribution corresponding to the Schur (Px(fc)) minus the distribution corresponding to 
the vacuum (p^) 

1 _Nr^ f{Nr^'' 



Notice that this is completely equivalent to the subtraction fl3.6p performed in the field 
theory. Inserting this density into (13. lip gives perfect agreement with the gauge theory 
computation 

(0-)HG|^:TKZZt):|G)^|i. (3.13) 

This result depends only on the number of boxes k in the Schur polynomial and for this 
reason the result for the sphere giant and the AdS giant are identical. 

Next, consider the vev of O^'^. This is computed usin^ 

(O^'^) = / pe"^ (r^ - 1) rdrd(j) (3.14) 



V2 

Here p is computed using the state \G) in (12.121) with J = 1 for the AdS giant computation 
and by the state \G) in (I2.17P with J = 1 for the sphere giant computation. It is now straight 
forward to find, for the AdS giant computation. 



(O^-^) = / ^ ' ={r^ - l)rdr = \ - — + — (3.15) 



V2 Jo ^/{k + N -2)\{k + N ~iy. y 2N\ N 

in complete agreement with the field theory result. Again, (O^'^^) can be obtained by 
complex conjugation of this result. The sphere giant result is also in complete agreement 
with the field theory. 

The vev of O^'^ is computed usinj^ 

9N C 

(0^'2) = ^ / pe^* (r^ - r^) rdrdcf) . (3.16) 



^This differs from formula (3.61) of [TS]- Replacing (r^ — 1) by we would recover (3.61) of [TB], up 
to normalization. The —1 implements the normal ordering. This is not needed in |13j since they limit 
themselves to densities for which J (Pw wp = 0. It is a simple matter to check that the density we consider 
here does not satisfy this constraint. 

^It is easy to check that the —r^ in the next formula is the same subtraction that implements the normal 
ordering in the field theory. This is, up to normalization, (3.62) of |13j . 



13 



Here p is computed using the state \G) in (12.121) with J = 2 for the AdS giant computation 
and by the state \G) in f l2.17p with J = 2 for the sphere giant computation. It is now 
straightforward to find, for the AdS giant computation, 

0^'2 _ V / ^ ^ (r^ -l)rdr = i -— [1 + — ) 3.17 

^ ' V5 Jo ^/{k + N-3)\ik + N-l)\ ^ ' V 5 V A^^ ^ ' 

in complete agreement with the field theory result. Again, (O"^'"^) can be obtained by 
complex conjugation of this result. One also finds complete agreement for the sphere giant 
result. 



3.3 Probe Computation 

In this section we turn to the computation of non-extremal correlators using the probe 
approximation. We closely follow [S] and use the same notation for easy comparison. In 
particular, we write the metric of global AdSs x as: 

ds^ = - cosh^ p dt^ + dp2 + sinh^ p d^l + d9^ + sin^ 9 d^^ + cos^ Odnl (3.18) 

where dO| (parametrized by angles Xi) (parametrized by angles Xi) s-re volume 

elements of three-spheres inside AdSs and respectively. 

As discussed in |8], where the semiclassical methods of [5] for semiclassical strings were 
generalized to D-branes, to compute the correlator of a giant graviton with a chiral primary 
operator one needs to vary the Euclidean D-brane action 

M r 

Sd3 = Sdbi + Swz = ^ I d^ai^detigMNdaX^^dtX^) - tP[C,]) (3.19) 

with respect to the supergravity fluctuation dual to the chiral primary operator and evaluate 
the fluctuation on the Wick-rotated giant graviton solution, defined on the Poincare patch 

of AdSg. 

In [S], this computation was performed only for extremal correlators, where the chiral 
primary is taken to be O*-"''"^-' ~ Tr Z"^. The bulk scalar dual to this operator can be written 
as s = sa^*-^'^-*, where sa is its bulk-to-boundary propagator and 

is the corresponding spherical harmonic on S^. In the present case we are interested in 
non-extremal correlators, involving the operators 

0{P'P-2) ^ : TrZ^-^Z^ : . (3.21) 
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The corresponding harmonics on can be found e.g. in [13] and for the first few low- 
dimension operators are: 

y (3,1) = ^ sin ^ (2 sin^ ^ - 1) (3.22) 

y (4,2) ^ 1 ^.^2 Q (5 gi^2 Q _ 3) g2i<A ^ 

2^10 



As will become clear, the only differences between the calculations of [8] and ours will follow 
from making the above choices of spherical harmonics instead of f l3.20p . 

3.3.1 Sphere giant graviton 

For this giant graviton, whose worldvolume is along t G AdSs and an G S^, the brane 
ansatz is given by 



p = 0, a" = t, = 0(t), a' = Xi. (3.23) 

Substituting this ansatz into the D3-brane action one finds that the energy is minimized by 

k 

cos^ e = — and = 1 , (3.24) 

where the energy is Emin = k. In other words, the brane is moving at constant velocity along 
the angle, with its energy depending on its latitude 6 and reaching its maximum value at 
^ = 0. 

The above solution describes a time- dependent solution of the D3-brane action. As ex- 
plained in [26t [5]. mapping to the Poincare patch and performing appropriate Wick rotations 
transforms this solution to one starting and ending on the AdS boundary, which can thus 
be identified with a two-point correlation function in A/" = 4 SYM theory via the standard 
AdS / CFT dictionary. The three-point function with a light chiral primary can then be com- 
puted by considering fluctuations of the supergravity fields that couple the solution to the 
bulk field dual to the chiral primary. 

After performing these transformations, the scalar bulk-to-boundary propagator from an 
arbitrary boundary point Xb (taken to be very far from the giant graviton endpoints) to the 
location of the giant graviton at p = is simply 

_ A + 1 

" ATAh^-tcosh^t ^^-^^^ 

with TZ = Furthermore, after Wick rotation the condition = 1 in f l3.24p is solved 

by = —it, which leads to a t-dependence of the harmonics f l3.20f3.22p when evaluated on 
the brane worldvolume. 
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The details of the fluctuation calculation for this case can be found in [S]. Generalizing 
slightly to include the possibility of more general harmonics, we can write the variation of 
the DBI part of the action as: 

SSdbi = — cos^ 9 dt y (t, 9) 

2 J-oo 

(3.26) 

and that of the Wess-Zumino part as: 

/oo 
dt SAdeY^^^-^\t,9) . (3.27) 
■oo 

Performing the t integrals for the relevant cases, we obtain: 
5^(y(2.o)) = _y|(27^)2cos2^ ^ 
5^(r(3'i)) _ A,/2{2nfcos^9sm9 
5^(y(4,2)) = -y|(27^)Sin2^cos2 

We find that, in stark contrast to the extremal correlator calculations of [S], the semiclassical 
calculation of non-extremal giant graviton correlation functions is in perfect agreement with 
the gauge theory and LLM computations. 



A 



/2A(A - 1) 
V A + 1 



8A sin^ ^ - 6 A 



3.3.2 AdS giant graviton 

Now we consider the dual giant graviton, wrapping t as well as an inside AdSs. The 
corresponding ansatz is [25j : 

p = const. , a° = t , a' = Xi, </> = H^) , ^ = f ■ (3-29) 

From this ansatz, one finds that the minimum of the energy, Emin = k, is at 

k 

sinh^ P = ^ cind = 1. (3.30) 

Thus the brane is still moving along the (f) angle of the with constant velocity but this time 
the energy depends on the radial coordinate p (and is unbounded, since the radius sinh p of 
the wrapped sphere can become arbitrarily large). As before, mapping to the Poincare patch 
and performing appropriate Wick rotations leads to a solution that can be interpreted as a 
gauge theory two-point function. Couphng the solution to a chiral primary by considering 
fluctuations of the supergravity fields will lead us to the three-point functions of interest. 
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For this case, where the brane is not located at p = 0, the required bulk-to-boundary 
propagator is more complicated: 

A + 1 , , 

A\/AN (cosh p cosh t — cos sin 0i sinh p)^ ' 

where the S'^ wrapped by the brane is spanned by the coordinates Xi = {"i?, 0i,02}- The 
fluctuation calculation for this case was also performed in [S]. Independently, the DBI and 
Wess-Zumino parts are rather complicated, but summing them leads to the following simple 
result: 

/oo /'27r /'27r /"^/^ 

dt / d0i / d(/)2 / d^ 
oo Jo Jo Jo /q nr)\ 

2f v^v/ATi , . , . ^2 7^^r(^'^)(^) 

X —: COS tf sm V smh p- . — ■ — — — — r-— ■ . 

47r"' (cosh p cosh t — cosh v sm (pi smh p)^+^ 

Here we have generalized slightly to include the possibility of arbitrary Y^^''^\t), where as 
before the t dependence arises through (p = —it (and ^ = 7r/2 as required by the brane solu- 
tion). To evaluate the integrals, we follow the steps of [S] and perform a formal expansion in 
the quantity [cosi?sin 01 tanhp/ cosht], after which the and 0i integrations are straight- 
forward. Proceeding exactly as in [8] , we are left with the t integral and resummation of the 
series: 

,o 2#-^v/A ^ 1 r(A + 2n + 2) .^+2 P ^^^'^^ 

r(A + l)cosh^p^22"r(n + 2)r(n + l)^^''^ ^ cosh^+2+^" t ' ^^"^^^ 

Evaluating this expression for the spherical harmonics of interest fl3.22p . we obtain: 



55(F(^'^)) = -^sinhVcoshp <^^'"^)(^) = 7f^\A + I' (3.34) 



^5(F(^'^)) = -y|(27^)SinhVcoshV = /f^ + ^ 

We again find perfect agreement with the gauge theory and LLM computations, which 
strongly suggests that the semiclassical approach can safely be applied to any non-extremal 
correlators. 



4 Conclusions 

We have studied three-point functions for two giant gravitons and one light graviton. In 
the case that the computation involves extremal correlators in the field theory we have 
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found perfect agreement between the field theory and holography in LLM backgrounds. 
The results disagree with semiclassical computations using the Born-Infeld action. We have 
argued that this disagreement is a consequence of the fact that one is computing extremal 
correlators. In support of this interpretation, we have also considered three-point functions 
for two giant gravitons and one light graviton that involve only non-extremal correlators 
in the field theory. In this case we find perfect agreement between the field theory, LLM 
holography and semiclassical probe computations. 

It is interesting to note that in [5] the semiclassical string calculation of an extremal 
three-point function of chiral primaries was found to be in exact agreement with the corre- 
sponding field theory result. This is not unlike the computation [20] of three-point functions 
of the chiral primary operators, for which correlators computed at strong coupling using 
supergravity were found to exactly agree at large with the free field approximation to 
the super Yang-Mills theory. Upon closer examination of the computation of [20] , one finds 
subtleties in the case of extremal three-point functions [TT]. A relevant recent computation 
is reported in [271 EH]- These papers perform a semiclassical computation in light-cone gauge 
for the worldsheet theory, for the three-point functions of BMN vertex operators, with all 
three operators heavy. They find that for extremal correlators the saddle point localizes at 
the boundary z = in agreement with [TT]. Further, in this case the action diverges and 
the correlator should be defined as a limit of the non-extremal one [28j. We have found no 
such subtlety in the chiral primary computation of [5], however there is a known subtlety 
in obtaining the extremal chiral primary result as a limit of a computation where the heavy 
states are non-BPS. In [215] it was argued that the normalisation of the light operator should 
be adjusted appropriately in order for this limit to be smooth. It would clearly be interesting 
to study this issue further and determine whether a more refined semiclassical calculation 
could resolve the mismatch in the extremal three-point function. 

Our comparison of the various methods in the non-extremal case was for certain specific 
classes of non-maximally-charged operators. In particular, we focused for simplicity on op- 
erators of low dimension. It would be interesting to extend these results to higher- dimension 
operators, as well as to operators of different types (e.g. involving the stress-energy tensor 
of the theory). This would provide further support for our proposal that subtleties in the 
semiclassical approach to correlation functions of giant gravitons appear only in the extremal 
case. 
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A Further comments on non-extremal correlators 

A key idea of this article has been that non-extremal correlators depend only weakly on 
the Young diagram label R of the Schur polynomial, a fact that was explored in [13]. In 
this Appendix, by making use of the asymptotic representation theory of the symmetric 
group [301 EI]) we will make some precise observations on this dependence. 

In section f l3.1.2p we found the exact correlator 

{XR+{Z)XR+{Zp} dn 

The trace on the RHS in the above equation is taken over the carrier space of R'^. The 
construction of the projection operators Pr+^r has been considered in detail in [32]. These 
projectors can be written as polynomials in Jucys-Murphy elements Jm with m = k, k + 
1, k + n — 1 where in cycle notation 



m—1 

[i, m) 

i=l 



Jm takes values in the group algebra of 5*^- Thus, flA.ll) is a sum over normalized character^ 
times powers of k. Notice that k depends only on the number of boxes in the Young diagram 
R so that it is completely independent of the shape of R. Thus, the only dependence in flA.ip 



on the shape of the Young diagram is due to the normalized characters. In the remainder 
of this appendix we summarize the relevant pieces of [31] which prove that the normalized 
characters depend only weakly on the representation. 

We will introduce the Frobenius coordinates a^, bi for a Young diagram by means of an 



^In the notation of |31| . a normalized character is given by the usual character divided by the dimension 
of the representation. It is the normalized characters of the symmetric group Sp that have a nice limit as 
p oo[3T]. 
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example. Look at the Young diagram: 



Consider the boxes on the diagonal of the Young diagram, marked with a star in the figure 
above. This is called the principal diagonal of the Young diagram. There are a pair of 
coordinates (oj, bi) for each starred box. The ak are the number of boxes in row k minus k 
minus 1/2. For the diagram shown cbi — 5.5, ct2 — 

2.5 and = 0.5. The definition of the bi 
are the same but we now use the columns, so that for the above diagram we have bi = 11.5, 
62 = 8.5 and 63 = 3.5. Denote the total number of boxes in the Young diagram by n. Define 

ttfc = — , Pk = — ■ (A.2) 

n n 

Thoma's theorem (see [3T| for a very readable account) says that as — 00 the value of a 
normalized character of permutation a in the representation with Frobenius coordinates a^, 
bk is 

m>2 i i 

where Pm{<^) is the number of cycles of length m in a. 

Now, in the limit N ^ 00 since n is order N, shifting / boxes around with l/N <^ 1, will 
not affect the value of the normalized character. We have focused on representations with 
one long row or column. One can shift A^^"*^ boxes out of the long row (say) with 1 ^ e > 
and put them back into any number of additional rows or columns, building up any shape, 
without changing the answer for the normalized character. This demonstrates that (lA.ip is 
remarkably insensitive to the shape of the Young diagram. 
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